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The desire to control dynamics of a quantum system is both a driving force and a unifying theme in many areas of modern laser-matter interaction physics. For example, atom optics focuses on controlling the translational degrees of freedom of an atom. Molecular optics ͓1͔ strives to extend this ability to molecules. Coherent control ͓2͔ focuses on using laser fields to manipulate the internal dynamics of atomic and molecular systems; e.g., creating complex superpositions of quantum states according to a given prescription ͓3͔.
Following the experiment ͓4͔, coherent control in solidstate systems became an active area ͓5͔. In quantum-well semiconductor structures, one of the objectives is the control of electron motion between quantum wells. An intriguing theoretical prediction is the coherent suppression of electron tunneling between the wells ͓6͔ by application of a strong monochromatic THz electric field. Following the first experiments in quantum-well structures ͓7͔, this idea has been transplanted back into the quantum-optics context: narrowing of Bloch bands has been observed for cold neutral atoms in optical lattices ͓8͔, with ac driving due to phase modulation of the counterpropagating waves that create the lattice.
Suppression of tunneling is caused by a destructive interference of different multiphoton quantum pathways, and has far reaching consequences in the case of the tight-binding lattice. For example, manipulation of the strength of the THz field allows control of the effective strength of the existing defects in the lattice, the Anderson localization length, and consequently affects the temperature dependence of electron transport ͓9͔.
We have studied numerically and analytically coherent control of quantum dynamics in a tight-binding model system subject to a multifrequency periodic external field, extending the monochromatic field study ͓9͔. Although our analytical results apply to any periodic field, we focus on the simple case of only two frequencies and 2, where already we find a wealth of new effects.
First, unlike the single-frequency case, in a two-frequency field a delocalized initial state can be localized adiabatically at a single well, because the Floquet states of the driven system can be so localized. Second, the site where the electron is localized may be changed by adjusting the relative phase of the two frequencies. Third, compared to its singlefrequency counterpart, the two-frequency localization is stronger, and robust with respect to small changes in the external field strength. The two-frequency field introduces effective defects into the lattice, the strength of which depends on the relative phase of the two colors. For equal couplings between the sites the defects are induced at the ends of the lattice, but for couplings that are not all equal the defects are also induced within the lattice. In the presence of decoherence, the two-frequency driving can induce a tunneling current, whose direction is controlled by the relative phase between the frequencies.
The Hamiltonian for the tight-binding system together with an external time-dependent field is
where N is the number of lattice sites, ͉n͘ is the state localized at the nth site and the ⍀ n 's are couplings between adjacent sites. V(t)ϭE(t)d is periodic with period Tϭ2/. V(t) arises from the interaction with an external electric field E(t), d being the well spacing. The Hamiltonian ͑1͒ could describe an electron in a multiple quantum-well structure, or an ion in an optical lattice. For neutral atoms in an optical lattice analogous Hamiltonian is realized by phase-modulating the optical waves creating the lattice ͓8͔. Equation ͑1͒ can also be used to represent the dynamics of circular Rydberg atomic states in a circularly polarized microwave field ͑the so-called Trojan states͒ ͓10͔, or the Zeeman effect in crossed magnetic fields. The coalescence of Zeeman lines in an oscillating magnetic field crossed with a constant magnetic field, observed almost 30 years ago ͓11͔, is formally equivalent ͓9͔ to the suppression of tunneling discovered in 1990s. We also note recent control experiments ͓12͔, where the time-dependent magnetic field was actively controlled to create a prescribed coherent superposition of Zeeman levels.
To explore the dynamics of the system described by Eq. ͑1͒, we first apply a unitary transformation ͉⌿(t)͘
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PHYSICAL REVIEW A DECEMBER 1999 VOLUME 60, NUMBER 6 PRA 60 1050-2947/99/60͑6͒/4225͑4͒/$15.00 R4225 ©1999 The American Physical Society ϭÛ (t)͉⌿Ј(t)͘, where Û (t)ϵexp͓Ϫi͐ 0 t V(tЈ)dtЈN ͔ and N ϵ ͚n͉n͗͘n͉. This is a direct analog of the KramersHenneberger transformation often used for studying atoms in strong high-frequency fields ͓13͔: it gives the exact solution of the problem when H 0 ϭ0. The transformed Hamiltonian is
where
includes a slowly varying envelope f (t), such as we shall introduce later, to turn on the laser field, then G k is replaced by f (t)G k . The population of the nth well is P n ϵͦ͗n͉⌿(t)ͦ͘ 2 ϭͦ͗n͉⌿Ј(t)ͦ͘ 2 .
The Hamiltonian Ĥ Ј describes N degenerate energy levels coupled by a multicolor ''field'' G(t). Its time-independent part G 0 provides a resonant coupling, and dominates over the high-frequency, off-resonance couplings, G k exp(Ϫikt), which primarily cause energy shifts similar to ac Stark shifts. Following the usual procedure for ac Stark shifts, we eliminate the fast time dependence by treating terms such as
in second-order time-dependent perturbation theory. For example, the term G k *exp(ikt)͉nϩ1 ͗͘n͉ gives an amplitude ͗nϩ1͉⌿Ј(t)͘ϭϪ͗n͉⌿Ј͘⍀ n G k *exp(ikt)/k in the state ͉n ϩ1͘ which, when substituted back into i͗n͉⌿ Ј(t)͘, yields
When all the shifts are accounted for to second order we obtain the following time-independent effective Hamiltonian:
, and the result holds if ӷ͉G k ⍀ n ͉ for all n. Of the same order as the ac Stark shifts are the ''twophoton'' Raman-type couplings between the degenerate states ͉n͘ and ͉nϩ2͘ due to G(t)ϭ ͚G k exp(Ϫikt). These terms are absent from Eq. ͑3͒ because the corresponding matrix elements that enter to second order, ⍀ n,nϩ2 shows that the oscillating field V(t) induces energy shifts ⌬ n in the diagonal terms that are proportional to differences in the coupling strengths, ⌬ n ϭG ⌺ (⍀ nϪ1 2 Ϫ⍀ n 2 ), breaking the degeneracy of the site energies. The distribution of shifts among the lattice sites is determined by ⍀ n 's, but the overall magnitude and sign are controlled by the magnitude and sign of G ⌺ , which are determined by V(t). Furthermore, V(t) modifies the couplings between the sites: ⍀ n →⍀ n G 0 .
When V(t) is such that G 0 is zero, H e f f Ј is diagonal, with eigenvalues, or quasienergies, Ẽ n ϭG ⌺ (⍀ nϪ1 2 Ϫ⍀ n 2 ) and eigenstates ͉n͘. The Floquet states of the dressed system become localized on lattice sites. Thus, coherent decoupling of lattice sites, or coherent destruction of tunneling between them, has been achieved.
For the case of a single-frequency field V(t)ϭV 0 cos t, the condition G 0 ϭ0 for the coherent decoupling of lattice sites reduces to the well-known result ͓6͔ J 0 (V 0 /)ϭ0, where J 0 is the zero-order Bessel function. However, for a single-frequency field G ⌺ ϭ0, since ͉G k ͉ϭ͉G Ϫk ͉. Consequently there are no diagonal energy shifts; the on-site energies remain degenerate. Tunneling is destroyed only at G 0 ϭJ 0 (V 0 /)ϭ0, and recovers as soon as G 0 deviates from zero, requiring exact tuning of V 0 /.
In contrast, the addition of the second frequency, V(t) ϭV 0 ͓cos(t)ϩcos(2tϩ)͔, ensures that ͉G k ͉ ͉G Ϫk ͉ and so G ⌺ 0 ͑except at ϭϮ/2). This lifts the degeneracy of the site energies, creating energy defects in the lattice and making localization of the Floquet states robust. Localization persists as long as the energy shifts are large enough:
This qualitative difference between the effects of singlefrequency and two-frequency fields is illustrated in Fig. 1 . The Schrödinger equation given by Ĥ in Eq. ͑1͒ was integrated numerically to obtain the populations of the sites as functions of time. The results shown in Fig. 1 are for a double-well system with ϭ0. In a monochromatic field ͓Fig. 1͑a͔͒, a small 5% detuning of V 0 from the value at which G 0 ϭ0 ͓given by J 0 (V 0 /)ϭ0͔ destroys the localization completely: all population moves back and forth between the two wells. In the two-frequency field ͓Fig. 1͑b͔͒ the same 5% detuning of V 0 from the condition G 0 ϭ0 does not destroy the effect; localization is robust with respect to small changes in the field.
For nondegenerate Floquet states the system, starting in an eigenstate of H 0 , evolves adiabatically into a single Floquet state of H as the laser field V(t) is slowly turned on. According to Eq. ͑3͒, the two-frequency field breaks the degeneracy of the Floquet states, and thus adiabatic localization of an electron around the induced defects is possible. Figure  2 shows numerical results for a four-well system with ⍀ n the same for all n. V 0 is chosen so that G 0 ϭ0, making H e f f Ј diagonal. The initial state is the delocalized ground state of H 0 . As the field V(t)ϭV 0 ͓cos(t)ϩcos(2tϩ)͔ is slowly turned on, Fig. 2 shows that the population is adiabatically localized in the leftmost ͑first͒ well for ϭ0. Localization occurs in the rightmost ͑fourth͒ well for ϭ ͑not shown͒.
Adiabatic localization can be achieved at sites for which the eigenstates of H e f f Ј are nondegenerate. Inspection of Eq. ͑3͒ shows that under the conditions used for Fig. 2 , where all ⍀ n are equal ͑and G 0 ϭ0), the eigenstates of H e f f Ј are degenerate, except for the leftmost well with an energy shifted down by G ⌺ ⍀, and the rightmost well shifted up by G ⌺ ⍀. These are the only wells where robust localization is possible for equal ⍀ n . As the field is slowly turned on, the ground state of H 0 evolves into the lowest-energy Floquet state of H, which corresponds to the leftmost well when G ⌺ Ͼ0. Changing the relative phase of the two frequencies from 0 to reverses the sign of G ⌺ and moves the lowest-energy Floquet state to the rightmost well.
If the set of ⍀ n 's values is chosen suitably, localization can be engineered in any selected well. The spectrum of site energies in H e f f Ј is determined by ͑i͒ the n dependence ⍀ n 2 , and ͑ii͒ the sign of G ⌺ , which is reversed by changing from ϭ0 to ϭ. For example, with ⍀ n 2 ϰ(nϪN/2) 2 the second term in the Hamiltonian equation ͑3͒ depends linearly on n, as if there were a dc bias across the lattice. Changing the relative phase from ϭ0 to ϭ reverses the sign of G ⌺ and, hence, the sign of the dc bias induced by the periodic field.
Our next example ͑Fig. 3͒ shows phase control of the localization length of the Floquet states and, hence, of quantum transport properties in a lattice with random couplings ⍀ n . Figure 3 was calculated for Nϭ10 wells with ⍀ n ϭ0.5(1ϩ␣)⍀ and ␣ random between 0 and 1. The localization length L of a state ͉ j ͘ is defined as L j ϭ1/͚ n ͦ͗n͉ j ͦ͘ 4 , which gives LϭN for equal populations in each well. In Figure 3 we show the localization length averaged over all Nϭ10 Floquet states ͑found numerically͒. For each of them ͦ͗n͉ j ͦ͘ 2 is averaged over the field period. Bare states are strongly delocalized, with average localization length ͉͗L͉͘ϭ6.74. In contrast, when the energy shifts induced by the applied field exceed the field-modified couplings between the wells, ⍀ n ͉G 0 ͉, the Floquet states localize on single sites for ϭ0,Ϯ. Changing controls ͉͗L͉͘ ͑Fig. 3͒.
One of many physical situations described by the tightbinding Hamiltonian in Eq. ͑1͒ is the Zeeman effect for a system with fixed total angular momentum J, such as an atom in a given electronic state, in crossed magnetic fields. We take the constant field B x to be along the x axis, the oscillating field B z (t) to be along the z axis, and the states ͉n͘ to be the eigenstates of Ĵ z , with n ranging from ϪJ to J and Nϭ2Jϩ1. Consequently, Ĥ 0 ϭg B B x Ĵ x , and V(t) ϭg B B z (t), where B is the Bohr magneton and g is the Landé factor. The couplings, ⍀ n ϭg B B x ͗n͉Ĵ x ͉nϩ1͘, vary with n.
Following the method outlined above, the transformation Û (t)ϭexp͓ϪiĴ z g B ͐ 0 t B z (tЈ)dtЈ͔ is a time-dependent rotation. The new frame rotates back and forth about the z axis through an angle ϭg B ͐B z (tЈ)dtЈ. J z is unaffected by this rotation. The transformed and effective Hamiltonians are where Ĵ Ϯ ϵĴ x ϮiĴ y . In H e f f Ј the term proportional to Ĵ z arises from the difference in couplings, ͗n͉Ĵ x ͉nϩ1͘. The term G 0 Ĵ Ϫ ϩG 0 *Ĵ ϩ in H e f f Ј reduces to 2͉G 0 ͉Ĵ x after an additional rotation about the z axis by a constant angle 0 defined through G 0 ϭ͉G 0 ͉exp(Ϫi 0 ). This rotation is made in the direction opposite to the previous one, and again, does not affect J z . The resulting effective Hamiltonian takes a simple form AĴ x ϩCĴ z , with Aϭg B B x G 0 and C ϭG ⌺ (g B B x ) 2 /2. When B z (t)ϭ0,G ⌺ ϭ0; thus Cϭ0 and the eigenstates of the system have well-defined J x . However, when the amplitude of B z (t) is such that G 0 ϭ0, A vanishes and J z becomes a good quantum number, as reported ͓11͔ for a single-color case. In the two-color case J z remains a good quantum number as long as the effective field along the x axis, B x (e f f ) ϭ͉G 0 ͉B x , is sufficiently small: ͉G 0 ͉g B B x ӶG ⌺ (g B B x ) 2 . As with the lattice, we can adiabatically move the system from an initial eigenstate of J x to an eigenstate of J z by slowly turning on a suitably chosen B z (t). Since the expectation value ͗J z ͘ is invariant under rotations about the z axis, and we control ͗J z ͘ in the rotating frame through the twocolor field, we control ͗J z ͘ in the laboratory frame. For example, changing reverses the direction of ͗J z ͘.
So far we have neglected the effect of decoherence, which is important in quantum semiconductor structures. The key parameter should be the ratio of the field period T to the phase relaxation time T ph . For TӶT ph there is sufficient time to establish the Floquet states, and the relaxation will occur between these rather than the bare states ͓6,14͔. If the magnitude of field-induced energy shifts, ⌬ n exceeds the energy relaxation width T en Ϫ1 , localization survives. In the opposite case of ⌬ n T en Ͻ1 an interesting situation arises if ⍀ n are chosen to ensure that ⌬ n depends linearly on n. Then, as we have seen, the two-color field introduces an effective dc bias that will induce a tunneling current. Its direction is reversed by changing the relative phase of the two frequencies from 0 to . This complements phase control of ionization current first demonstrated in ͓4͔.
